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Abstract. The asymptotic behaviour of the solutions of three-dimensional 
nonlinear elastodynamics in a thin plate is studied, as the thickness h of the 
plate tends to zero. Under appropriate scalings of the applied force and of the 
initial values in terms of h , it is shown that three-dimensional solutions of the 
nonlinear elastodynamic equation converge to solutions of the time-dependent 
' von Karman plate equation. 
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1. Introduction 

^ , This paper concerns the rigorous derivation of two-dimensional dynamic models 

ly-^ ' for a thin elastic plate starting from three-dimensional nonlinear elastodynamics. 

, To be definite, we consider a thin elastic plate of reference configuration Qi, := 

i7'x(— ^,-|), where fi' C is a bounded domain with Lipschitz boundary and 
\ h > 0. We assume the plate to be made of a hyperelastic material whose energy 

CN| ' potential W: M'^'^'^ [0, -f cxd] is a continuous function, satisfying the following 

natural conditions: 
0\ '. 

O ■ W{RF) = W{F) for every R e SO{3), F e M^""^ (frame indifference), (1.1) 

W = on5'0(3), (1.2) 

! W{F)>Cdist^{F,SO{3)), C>0, (1.3) 

^ i is in a neighbourhood of SO{3). (1.4) 

The dynamic equation of nonlinear elasticity reads as 

a> - div.DWiVw) = f in [0,T,,]xnh, (1.5) 

where w: [0,T/i]xil;i M.^ is the deformation of the plate and : [0,T/i]xri/i 
M.^ is an external body force applied to the plate. Equation (1.5) is typically 
supplemented by the initial conditions 

and by boundary conditions, such as mixed Neumann-clamped boundary condi- 
tions: 

! r (1-6) 



or, assuming fi' = (— L, L)'^ , mixed Neumann-periodic boundary conditions: 
(w(t, x) - x) |^^^_^ = {w{t, x) - 2:) 1^^^^ a = 1, 2, 
DW{Vw)e3\^ =0. 

I J. 3 — _i_ 



(1.7) 
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The intent of this paper is to characterize the asymptotic behaviour of solutions to 
(1.5), as the thickness parameter h tends to zero, by identifying the two-dimensional 
dynamic equation satisfied by their limit as h ~> 0. Our purpose is to rigorously 
deduce a two-dimensional dynamic model for a thin elastic plate. Lower dimensional 
models for thin bodies are of great interest in elasticity theory, as they are typically 
easier to handle both from an analytical and a numerical point of view than their 
three-dimensional counterparts. The problem of their rigorous derivation starting 
from the three-dimensional theory is in fact one of the main questions in elasticity. 
We refer to [2, 4, 11] for a survey of the classical derivation approach and a discussion 
of the history of the subject. 

Steady-state solutions of (1.5) satisfy the stationary equation —divxDW{\7w) = 
in ri/i, together with the boundary conditions (1.6) or (1.7), which formally 
correspond to the Euler-Lagrange equations of the energy functional 

£''{w) = l- f W{yw)dx-\[ f'^-wdx. 

It is therefore natural to look for local or global minimizers of . The study of 
the asymptotic behaviour of global minimizers of 5'' , as /i — > , can be performed 
through the analysis of the F-limit of £^ (sec [5] for a comprehensive introduction 
to r -convergence). To do this, it is convenient to rescale £7^ to a fixed domain 
n := ri'x(— i, i) and to rescale deformations according to this change of variables, 
by setting 

for every x = {x'jXs) G O. Assuming for simphcity that f'^{x) ~ /''(a;'), the 
energy functional can be therefore written as 

J'^iy) -.^S'^iw)^ f W{\7hy)dx~ f f'-ydx, 
Jn Jn 

where we have introduced the notation 

Let now y'^ be a minimizer of J^'^ subject, for instance, to the (rescalcd) clamped 
boundary conditions 

^'^^)=(/il) forxeaf7'x(-i,i). 

The asymptotic behaviour of y'' , as h ^ 0, depends on the scaling of the applied 
force in terms of h. More precisely, if is of order h" with a > 0, then 
J^iy^) < Ch''\ where /3 = a for < a < 2 and /? = 2a - 2 for a > 2 , and y'' 
converge in a suitable sense to a minimizer of the functional given by the F-limit 
of the sequence j'^ , as /i — > (see [6, 7, 10]). In particular, it has been shown 
in [7] that, if is a normal force of the form f^{x') = h°'f{x')e3 with a > 3 and 
/ e L^{n'),then 

strongly in (17; M^), (1.8) 

that is, minimizers converge to the identity. This suggests to introduce the (scaled) 
in-plane and out-of-plane displacements defined by 

j_ 1 
u\x'):^-^(\{[y^^y-x')dx„ -.^ -l-[\y^^ dx,. 




THE VON KARMAN PLATE EQUATION AS A LIMIT OF 3D ELASTICITY 



3 



As h ^ 0, (u'^w'') converges strongly in to a limit displacement {u,v), which 
is a minimizer of the F-limit of l/ft,^"^^J^'* (see [7, Theorem 2]). More precisely, 
if a = 3 , then (u, v) is a minimizer of the von Karman plate functional 



Jvk{u,v) = 




+ ^ f Q2{{Vfv)dx' ~ I fvdx' 

with respect to the boundary conditions w = , v ~Q . and Vv = on dVl' . Here 
Q2 : M^^^ — » M is the quadratic form defined by 

Q2(G) =£2G:G := min Q3(-F), (1.9) 

F — G 

where Q3 : M^^^ ^ R is the quadratic form given by Qz{F) := D'^W{ld)F -.F , 
while F" denotes the 2x2-submatrix of F defined by F/j = Fij for 1 < «, j < 2. 

If instead a > 3 , then the limit in-plane displacement u is equal to , while the 
out-of-plane displacement u is a minimizer of the linear plate functional 

JxUv) = ^f Q2{{V'fv)dx' - / fvdx' 

with respect to the boundary conditions v = {) and V'u = on dVL' . 

This convergence result has been extended in [15] to the case of a sequence 
of solutions of the equilibrium equation — div^_DM^(Vti;) = /'', assuming suitable 
growth conditions from above on the energy potential W . This assumption has 
been removed in [14] . but this requires to work with a different notion of stationarity, 
related to the Cauchy stress tensor balance law (see [3]). A different approach, based 
on centre manifold theory, was pursued by Mielke in [12] to compare solutions in a 
thin strip to a one-dimensional problem. Another related result is due to Monneau 
[13]: given a sufficiently smooth and small solution of the von Karman equation, 
he proved the existence of a nearby three-dimensional solution. 

In this paper we focus on the dynamical case with /''(r, x) = /i"/(t, a;') 63 , 
a > 3, and / G L-^((0, +cxd); i^(ri')) . Wc also assume that the initial values , 
have the following scaling in terms of h : 

i I \w^\x)\^dx+ I W{\7iu^{x))dx <Ch^°'-\ 

which can be cquivalcntly written on as 

i / \w^{x\hx3)\^dx+ I W{\/w''{x',hx3))dx <Ch^°'-^. (1.10) 

Let w'^ be a solution to (1.5) on [0, r/i] xO/j . To discuss its limiting behaviour as 
/i — > 0, it is convenient to rescale to the fixed domain fl, as before, and to 
rescale time by setting t ^ hr . According to this change of variables, we set 

y\t,x) ■.= w''{lix',hx3)) 

for every {t,x) € (0,T/i)xil, where Th '■— hxh- With this notation wc have that 
the scaled deformations satisfy the equation 

h'dfy^' ~ div,,Diy(V,,2y'') = /^".gea m (0,r,Oxr!, (1.11) 

where g{t,x') := /(|-,a:') for every {t,x) £ (0, +oo)xr2' and the scaled divergence 
div/i$ of a given $ E H^{n;M^^^) is defined by 

div,,$ ■ Ci ~ + -^^s^is « = 1, 2, 3. 
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The scaled deformations y'' satisfy the following initial conditions: 

y''{0,x) ^w''{x',hx3) brxen, (1.12) 
dty'\0,x) = j^w''{x',hx3) for x en, (1.13) 

together with the mixed Neumann-clamped boundary conditions 



W(V„/)e3|^^^±i =0 



a; 
.hx3 



(1.14) 



or, respectively, assuming fl' = {—L, L)^ , the mixed Neumann-periodic boundary 
conditions 



hxf 



W(V„y'')e3|^^^^^i -0 



a= 1,2, 



(1.15) 



We note that (1.10) is equivalent to the following scaling condition on the initial 
values of y'' : 

[ \dty''{0,x)\^dx+ [ W{Vhy''{0,x))dx <Ch^'''^. 
Jn Jn 

The existence of a solution to (1-11), supplemented by the initial conditions (1.12)- 
(1.13) and the mixed Neumann-periodic boundary conditions (1.15), is guaranteed 
by the recent results of [1]. More precisely, we have proved in [1, Theorem 3.1] that, 
in the case a > 3, under suitable regularity assumptions on / and appropriate 
scaling and regularity of the initial data w'^ , w'^ (compatible with (1.10)), for 
every T > there exists hg > such that a strong solution exists on [0, T] for 
every h e (0, /iq) . In the case a = 3 we have shown that, if in addition / is small 
enough on [0,T], a strong solution exists on [0,r] for every h G (0,1). In other 
words, we can assume that there exists a solution to (1.11) on a time interval [0, T] 
independent of h. 

In this paper we prove (Theorem 2.1) that, if j/'* is a weak solution to (1-11) on 
[0, T] , satisfying the initial conditions (1.12)~(1.13), the boundary conditions (1.14) 
or (1.15), and the energy inequality, then convergence (1.8) still holds uniformly in 
time. Moreover, the in-plane and out-of-plane displacements 

u\t,x') f\ ((/)'- a;') dx3, v'^it^x') := f\ vU^^ 

converge in a suitable sense to a limit displacement (u, v) . For a ~ 3 the limit 
displacement (u, v) is a solution to the dynamic von Karman plate equations 

jdfv + j^div[div/:2((V')^w)] - div[/:2(sym V'lt + iV'w Vv)Vv] = g, 
\div[C2isymVu + ^V'v (g>Vv)] =0, 

(1.16) 

in [0,T]xil' , and satisfies the boimdary conditions 

u\dn' = 0, v\an' = 0, Vv\an' - 0, (1.17) 

or, respectively, 

and the initial conditions 

v\t=0 = W3, dtv\t=0 = W3. (1-19) 
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Here £2 is the linear form introduced in (1.9), while the limiting initial values W3 
and W3 are the limits of suitably scaled averages of and (see (2.8)), which 
exist owing to the scaling condition (1.10). 

For a > 3 the limit in-planc displacement u is equal to , while the out-of- plane 
displacement u is a solution to the dynamic linear plate equation 

j^div[div/:2((V')^f)] = .9 in[0,T]xrj' (1.20) 

and satisfies the boundary conditions (1.17), or, respectively, (1.18), and the ini- 
tial conditions (1.19). This generalizes the convergence result of [1, Theorem 4.1], 
where we proved that for a special choice of the initial values and under the assump- 
tion W{F) = dist^(F, 50(3)) the asymptotic development of the three-dimensional 
strong solutions of (1.11) can be characterized in the case a > 3 in terms of the 
solution V of (1.20). 

To our knowledge, the present contribution, together with the results of [1], is 
the first rigorous derivation of a lower dimensional elastodynamic model for a thin 
domain in the nonlinear framework. This problem has been extensively studied 
in the linear setting (sec, e.g., [16, 18, 19, 20]), that is, performing the derivation 
starting from the three-dimensional linearized evolution model. However, since thin 
structures may undergo large rotations even under the action of very small forces, 
one cannot assume a priori the small strain condition, on which linearized elasticity 
is based. Our result implies, in particular, that the use of the two-dimensional dy- 
namic linear plate equation (1.20) is mathematically justified whenever the applied 
loads are of order h°' with a > 3 and the initial values satisfy (1.10). 

We also mention a related result by Ge, Kruse, and Marsden [8], where the prob- 
lem of the limit of three-dimensional evolutionary elastic models to shell and rod 
models is addressed by studying the convergence (in a suitable sense) of the under- 
lying Hamiltonian structure. This approach however does not provide convergence 
of solutions. 



2. Statement and Proof of the Main Result 

This section is devoted to the proof of the following theorem, which is the main 
result of the paper. We shall denote by Jt the time interval given by [0,T] if 
T e (0, +00) , and by [0, +00) if T = +00 . 

Theorem 2.1. Assume that (1.1)- (1.4) hold and that W is differ entiahle and 
satisfies the growth condition 

11)1^(^)1 < C(|i^| + 1) for every F ^M?""^. (2.1) 

Let a > 3 and let (ti'^) C L'^{nh;M.^) and {w''') C H^{nh;M.^) be two sequences 
satisfying 

\ f \w^{x',hx3)\^dx+ f W{\/w^{x\hx3))dx <Ch^°'-^. (2.2) 
Jn Jn 

Let T e (0, +00] , g e L'^{{0,T); L'^{n')) , and > . For every h £ (0,/io) let 
y''' e L^{{0,T);H\n;R^)) with 

dty'' GLmO,T);L^{n;M.^)), 
d^y^ eL^mT);H-\Q;R^)) 

be a weak solution to (1.11) in (0,r) , satisfying the boundary conditions (1.14) 
(or, assuming f2' = (— L,L)^, {1.15)), the initial conditions (1.12)-(1.13), and the 
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energy inequality 



2 



/ / W{Vhy''{t,x))dx 



<i / \w'\x\hx^)\'^dx+ / W{yw^{x',hx:i))dx (2.3) 



n 

n Jn 

+ / / h" g(s, x')dty3{s, x) dxds 
Jo Jn 



for a.e. t £ (0, T) . Then 

/-^(o) strongly mL^^{JT;H\n;R')). (2.4) 

Moreover, setting 



2 

the following assertions hold. 

(i) (von Kdrmdn regime) Assume a = 3. Then, there exist u G L'^J^Jt] 



iJi(f^';M2)) and v S X^,( Jt; i?2(0')) n l^/;~( Jt; ^^(1^')) . 'dtv & 



C{Jt',H '^{il')), such that, up to subsequences, 

u^^u weakly* in L^^{JT;H\n';R'^)) (2.5) 

and 

strongly m L^^{ Jt; L^i^')), (2.6) 
dtu'^^dtv weakly* in L^^{JT;L'^{n')), (2.7) 

as h ^0. The limit displacement {u,v) is a weak solution in (0,T) of the 
dynamic von Kdrmdn plate equations (1.16), supplemented by the boundary 
conditions (1.17) (or, respectively, (1.18)j and the initial conditions (1.19), 
where 

(2.8) 



^ 1 w-^{-,hx3) dx3 — *■ W3 strongly in H {Q!), 



TT? / uj'^i'ihxs) dx^ weakly in L^{Q'). 



(ii) (linear regime) Assume a > 3 . Then, (2.5) holds with u = and there ex- 

ists V e L^^{JT]H^{^'))r\wl^{JT\L\n')), with dtv e c{Jt\H"^{Vl')), 

such that, up to subsequences, (2.6) -(2.7) hold. The limit displacement v 
is a weak solution in (0,T) to the dynamic linear plate equation (1.20), 
supplemented by the boundary conditions (1.17) (or, respectively, (1.18)j 
and the initial conditions (1.19), where now 



1 /"^ _ 

- — ^ / hxs) dx3 — > W3 strongly in H^{n'), 

/i" /_ 1 



1 



(2.9) 



w^{-,hx3)dx3 W3 weakly in L^{Q'). 



Remark 2.2. The existence of the limits in (2.8) and (2.9) is guaranteed by the 
scahng condition (2.2) (see Step 7 in the proof of Theorem 2.1). 
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Remark 2.3. Wc shall consider the following notion of weak solutions. We say 
that a function y'' e L'^{{0,T); H^{n;R^))nH^{{0,T)- L'^{n;M.^)) is a weak solution 
to (1.11) in (0,T) satisfying the boundary conditions (1.14) if y'' = {x' ,hx^) on 
(0,T)x9f2'x(— 5, 5) and the following equation is fulfilled: 

nh^dtv^ -dt^pdxdt- [ [ DW{Vhy''):Vhipdxdt+ ( ( h^gtp3dxdt = 
A Jo Jn Jo Jn 

for every ip e L^{{0,T); H\n;R^)) n H^{{0,Ty, L^{n;R^)) such that ip = on 
(0,r)x9r!'x(-i,i). 

Analogously, we say that a pair {u,v) with u e L^^{Jt; H^IQ'-.R"^)) and v G 
Lf^^{JT;H'^{n'))nWl^^{JT;L^in')) is a weak solution to (1.16) in (0,T), sup- 
plemented by the boundary conditions (1.17), if (1.17) is satisfied and for every 
T' G Jt the following two equations are fulfilled: 

rT' r rT' 



I [ dtvdt(l>dx'dt- [ [ C2{syniV'u+ ^Vvg>Vv):\/'vg)V(l3dx'dt 
Jo Jn' Jo Jn' 

-11 ^C2{[Vfv):{y'f(l)dx'dt+ I f gcjidx'dt 
Jo Jn' Jo Jn' 



i-T p pT 

lo Jn' Jo Jn' 

for every 4) <^ L'^{{{),T')-Hl{n')) ^ Hl{{Q,T')-L'^{n')) , and 

[ [ /:2(symV'u+iV'w®V'z;):VVdx'dt = 
io Jn' 

for every ?/> G lJ^{{{),T')\Hl{n' ]R?)) . Finally, a function v G L^^{Jt;H^{^')) n 
WI^'^{Jt]L'^{^')) is a weak solution to (1.20) in (0, T) , supplemented by the 
boundary conditions (1.17), if (1.17) is satisfied and for every T' G Jt the fol- 
lowing equation is fulfilled: 

[ f dtvdtcfydx'dt- I f ^C2{{V)^v):{\/'f(l)dx'dt+ f f g(j)dx'dt^Q 
Jo Jn' Jo Jn' Jo Jn' 

for every G L2((0, T'); i?o'(f^')) n Ho'((0, T'); ^^(f^')) • 

Remark 2.4. The notation L^^^{Jt; X) denotes the space of all strongly mea- 
surable functions which arc p-integrable (or essentially bounded if p = 00) on 
every compact interval of Jt with values in the Banach space X . In particu- 
lar, if T G (0,-hcx)), the space L\^^{Jt;X) coincides with LP((0,r);X), while, 
if T = +CX3, L^^J^Jt',X) is the space of functions belonging to iP((0,T');X) for 
every T' < +00. 

Two of the main difhculties in the proof of Theorem 2.1 are to show that the 
deformation gradients must be close to the identity, because of the smallness of 
the applied force and of the initial data, and to derive enough compactness to pass 
to the limit in the three-dimensional equation. The key remark is that the energy 
inequality (2.3) satisfied by the solutions y'^ , together with the scaling assumptions 
on the applied force and the initial values, imply a corresponding precise scaling of 
the elastic part of the energy (see (2.12) below, in the case a = 3). By applying the 
quantitative rigidity estimate proved in [6, Theorem 3.1], we can deduce from this 
bound on the elastic energy of j/'' , a decomposition of the deformation gradients 
Vft.y'' into a rotation R'^ (depending only on the in-plane variables) and a strain 
G'* of order /i"^^ (see (2.28) below, in the case a ~ 3). The good controls 
on i?'' and G'' provided by the rigidity estimate are now the crucial ingredient 
to obtain the compactness properties needed to pass to the limit in the three- 
dimensional equation. In particular, the following compactness criterion in the 
space L^((0, T); _B) , B a Banach space, will be used. 
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Theorem 2.5 ([17, Theorem 6]). Let X '-^ B ^ Y be Banach spaces with com- 
pact imbedding X ^ B . Let T G (0, +oo) and let J- be a bounded subset of 
i°°((0, T);X). Assume that for every < ti < t2 < T 

sup \\%f - /||Li((ti,t2):r) ^0, as s -> 0, 

where Tsf(t,x) := f{t + s,x) for every t G {—s,T — s) and x G X . Then J- is 
relatively compact in LP((0,T);_B) for every 1 < p < oo . 

We are now in a position to prove Theorem 2.1. We prove the statement only in 
the case of the mixed Neumann-clamped boundary conditions (1-14) and for the 
scaling a = 3. The proof in the case of the mixed Neumann-periodic boundary 
conditions (1.15) or for the scaling a > 3 is completely analogous. 

Proof of Theorem 2.1. Let a = 3 and let y'' be a weak solution to (1.11) in (0, T) , 
satisfying the mixed Neumann-clamped boundary conditions (1-14), the initial con- 
ditions (1.12)-(1.13), and the energy inequality (2.3). The assumption (2.2) on the 
initial data and (2.3) imply that 

[ \dty''{t,x)\''dx+ [ W{\7hy''{t,x))dx 
Jn Jn 

<Ch^ + h^[^j^j \g{s,x')fdx'dsy(^J^J\dty3{s,x)fdxdsy (2.10) 

for every h G (0, ho) and a.c. t G (0, T) . By the Cauchy inequality we deduce that 
for every T' G Jt there exists a constant C{T') > such that 

[ f \dty^\^ dxdt < C{T')h^ 
Jo Jn 

for every h G (0, hg) . Therefore, by (2.10) we have that 

sup f \dtv^{t,x)\^dx<C{T')h'^, (2.11) 

tG[0,T'] Jn 

sup [ W{Vhy^'{t,x))dx <C{T')h*. (2.12) 
*e[o,T'] Jn 

Step 1. Construction of approximating rotations. By the energy estimate 
(2.12) and by [7, Theorem 6 and Remark 5] we can construct an approximating 
sequence (R^) in L'^^{JT;H^{n';M^''^)) such that R^{t,x') G £'0(3) for a.e. 
{t,x') G (0,T)xn' and 

sup ||V,/(t, •) - R'^it, •)|U2(j,) < C(T')/^^ (2.13) 

te[o,T'] 

sup \\VR''{t,-)\\mn')+ sup h\\{VTR''it,-)U.^n')<C{r)h, (2.14) 

te[0,T'] tG[0,T'] 

sup \\R\t,-)~ld\\Hiin')<CiT')h (2.15) 

te[o,T'] 

for every T' G Jt . By estimates (2.13) and (2.15) we deduce that 

V,,/ ^ Id strongly in L^^{Jt; L\^1- M^x^)), 

hence c^s?/'' — > and 

V/ ^ diag(l, 1,0) strongly in i;^,( Jt; ^^(f^; M^^^)). 

Since y\t,x) - (x',0)| < \h on dVl' x (-5,5) for a.e. t G (0, T) , the previous 
convergence together with the Poincare inequality implies (2.4). 
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Step 2. Convergence of the sequence := {R'^ — ld)/h. Let us now consider 
the sequence 

h 

By (2.15) there exists A e Lf^^px; H^i^'^M^''^)) such that, up to subsequences, 
A'' A weakly* in L^^iJr; H\n'; M^""^)). (2.16) 
We also notice that 

«y-^^ = -^^, (2.17) 

hence sym {R'' - Id) / h'^ is bounded in L)^^{Jt; LP{n';M^''^)) for every p < oo. In 
particular, 

sym A'' ^ strongly in L^^.i-Jr] LP{Vl'; M^^^^)) (2.18) 

and A is skew-symmetric. 

We now claim that (A'^e^) is strongly compact in Lf^J^JT\LP{Vl';W')) for a = 
1,2 and any l<(7<oo, 2<j)<oo. As {A^Ca) is uniformly bounded in 
Lf^^{JT\H^{^'\^^)), by Theorem 2.5 it is enough to show that for every < ti < 
<2 < T and any hj — > 

lim sup / \\A'''{t + sr)ec,- A'''{tr)eo,\\H-^(iv)dt^Q. (2.19) 

We first observe that for a.e. t G (^1,^2) and |s| < (5 

P'*(i + s,-)eo-A''(i,-)ea|k-i(o') 
< i||i?,''(t + s, •)£„ - a„2/''(i + .s, OIIh-ico) 

Owing to (2.13) there exists a constant C{t2) > such that 

i||ii'''(T,.)e„-9„/(T,.)||,/-i(o) < iP''(T,-)ea-a„/(r,-)|U2(n) <C(t2)/i 
for a.e. t € (ti,t2 + 6) . Moreover, in the same time interval we have 

i|ia„z/(t + s, •) - 9a/(t, Olk-MH) < + «-•)- /(i, OIIl^ch) 



< i 



l|5ty''(T,-)|U2(o) dT<C(t2)|s|, 



where the last inequality follows from (2.11). Combining together all the previous 
inequalities, we conclude that 

WAf^it + s, •)£„ - A'\t, Oeallff-Mo') dt < C{t2){2h + |s|)(t2 - h). (2.20) 

Now, let (hj) be any sequence converging to and let us fix e > 0. Clearly the 
supremum over the finite set {hj : hj > e} tends to zero as s — > 0, since 



\\f{s + t,-)~ fit,-)\\H-iin'm' 
Jti 



for any fixed / e Lf^^iJr; i^(l^'; M^)) . On the other hand, by (2.20) the supremum 
over the remaining set {hj : hj < e} satisfies 

limsup sup / \\A''^it + s,-)ea,~ A'''{t,-)ejH-Hn')dt<2Cit2)eit2~ti). 

Since e is arbitrary, this establishes (2.19) and, in turn, strong compactness of 
A''e„ in Ll^{JT;LP{n'; 
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Using the strong compactness of A'^Ca in the identity (2.17) and the fact that 
A is skew-symmetric, we obtain that for every a, f3 = 1,2 

sym =-i(^''e„-A''e0) ^ ~^iAe^ ■ Ae^j) = ^{A')^p (2.21) 

strongly in L^^^( J^; i'^(ri')) fo'' every 1 < g < oo. 

Step 3. Convergence of the displacements. From (2.13) and (2.17) it follows 
that the symmetric part of V'w'' is bounded in i;^^( Jr; i^(n'; M^^^)) q^^^^ 
u^{t,x') = for {t,x') e (0,r)x9rj', the Korn-Poincare inequahty implies that 
is bounded in Lf^^{JT] H^{^' ;^^)) ■ Therefore, there exists a function u G 
Lj^^( Jt; i?-^(r2'; R^)) such that, up to subsequences, (2.5) is satisfied. In particular, 
we have that for every T' e (0, T) 

fT' nT' 

/ u''{t,-)dt ^ / u{t,-)dt weakly in iJi(r2';R2), 
Jo Jo 

hence 

rT' nT' 

u''{t,-)dt ^ / u{t,-)dt Strongly in i2(5f7';K2-)_ 
Jo 

Since it'' = on d^l' for a.e. this implies that u{t, x') dt = for a.e. x' G d^' 
and every T' e (0,r), which yields u{t,x') = for a.e. {t,x') G {0,T)xdn' . 
Moreover, passing to the limit in the identity 



hd2u1 ^ij] {d2y1 - RI2) dx3 + A'l^, 



and owing to (2.5), (2.13), and (2.16), we deduce that 

A12 = 0. (2.22) 

Using (2.13), (2.15), and the boundary condition 

v''{t,x') = for {t,x') e {0,T)xdn', (2.23) 

it is easy to see that is bounded in L'^^{Jx; H^{il')) . Therefore, there exists 
V G L^^{Jt; H^{n')) such that, up to subsequences, 

i/' V weakly* in i,^,( Jt; H\n')). (2.24) 

Arguing as above, we infer from (2.23) and (2.24) that v{t, x') = for a.e. {t, x') G 
(0, r)x9f2'. Moreover, the energy estimate (2.11) implies that dtv'^ is bounded in 
L'^^{Jt;L'^{^')). This guarantees (see [17]) that v G WI;^{Jt]L'^{^')) and that 
the convergence properties (2.6) and (2.7) arc satisfied. Furthermore, from (2.13) 
and (2.16) it follows that for a ~ 1,2 

dc,v = A3a. (2.25) 

Since A G L'{^^{Jt; H^n' ■,M^''^)) , we deduce that v G L^^{Jt]H^{^')) ■ Combin- 
ing together (2.22) and (2.25), we conclude that 

A=-(^oO^^^ + ^^®C'o")- (2.26) 

Arguing as in [7, Corollary 1], one can show that the first moment of the displace- 
ment, defined by 



.h ( 



C\t,x'):= />3(y'-(/f^J )rf^3, (2.27) 



satisfies 

h^'^ 12^^'" 12 V 



^ C'' - i-yle3 - i^'A weakly* in i,- ( Jt; ^^(17'; M^)). 
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As C,*^{t,x') ~ for a.e. [t^x') G (0, r)x9i7', the previous convergence, together 
with the compactness of the trace operator from {Vl' into L^(9ri'; K"^) , 
yields that W'v[t,x') = for a.e. [t,x') G {0,T)xdn' . 

Step 4. Decomposition of the deformation gradient in rotation and strain. 

We now make use of the approximating sequence of rotations i?'* to decompose the 
deformation gradients as 

Vhi/ = R''{IA + h^G''), (2.28) 

where the sequence is bounded in L,^^( Jy; ^^(f^; M^x^)) by (2.13). Thus, up 
to extracting a subsequence, we have that 

G'^ G weakly* in L^^{Jt\L'^{^;M?''^)). (2.29) 

Arguing as in [7, Lemma 2], we find that for /3 = 1, 2 

^h^^ G'^jt, x', X3 + i)e!3 - G^{t, x', X3)ep 

Since i?'' converges to Id boundedly in measure on (0,r')xO for every T' G 
Jt , we have by (2.29) that the left-hand side of the previous expression con- 
verges to the difference quotient {G{t,x',X3 + tjep — G{t,x' ,xz)ei3) / i weakly* 
in LJ^^( Jt; i^(ri; R^)) , while the right-hand side converges to dpAe^ weakly* in 
L'^^{JT\H-^{n;m?')) by (2.13) and (2.16). Thus, we conclude that 

G[t,x' ,X3+ tjep - G{t,x\x3)ef3 , 
J = op^[t, X jea, 

hence there exists some G G L^^( Jr; ^^(51'; M^^^)) such that 
G{t, x', 2:3)6^3 G(t, x')ep + X3dpA{t, x')e3. 

Taking into account (2.26), we deduce that for a, /? = 1, 2 

Gafiit, x', X3) = Gc^pit, x') - xadlf^vit, x'). (2.30) 

Let G" be the 2x2-submatrix given by G'^p := Gap for 1 < a, /3 < 2. In order 
to identify the symmetric part of G" , we first observe that 



sym [H G ) dx^ ~ / sym — dxj, — / sym — dx 



3- 



2 

Passing to the limit and using (2.5), (2.21), and (2.26), we deduce that 

symG" =symV'u-|-iV'u®V''y. (2.31) 



Step 5. Convergence of the stress. We can now derive the limit equations 
satisfied by u and v . To this aim we set 

^DW{ld + h^G^). 

Then, by frame-indifference we have 

DW{Vhy'') = R''DW{IA + /i^G'O = h^R'^'E'', 

so that equation (1.11) can be written in the weak form as 

dty'' ■ dtf dxdt ~ f f R^'E'' -.Vhfdxdt + f f hgip3dxdt = (2.32) 
lo Jn Jo Jn Jo Jn 
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for every £ L^{{0,T); H\n]R^)) n H^{{0,T); L^{n;R^)) such that = on 
(0, r)x9r2'x( — i, i) (see Remark 2.3). We also note that arguing as m [15, Propo- 
sition 2.3], one can show that 

E'' -^E:=CG weakly* in Jt; L^{n- M^^^^))^ (2.33) 

where the linear map C on matrix space is given by C := D^W{ld). 

Let T' £ Jt and let be a test function such that (p ~ Q on {T' ,T)y.Vt . 
Multiplying (2.32) by h and passing to the limit as /i ^ 0, we obtain 

[ I Ee3 ■ dsip dxdt = Q (2.34) 
Jo Jn 

for every tp e L'^{{0,T'y, H'^{n;R^)) n H^{{0,T'); L^{n;R^)) such that = on 
{0,T')xdn'x{-^,^) and every T' € Jr. Here we have used (2.11) and the fact 
that R'^E'^ converges to E weakly* in L°°((0, T'); ^^(f]; R^)) , since converges 
to Id boundedly in measure on {0,T')xil' . Equality (2.34) yields Ees = a.e. in 
(0,r)xri and, since E is symmetric by (2.33), 

[Ell Ev2 0\ 
E^\Ei2 E22 . (2.35) 
\ 0/ 



Step 6. Derivation of the limit equations. Let us introduce the zcroth and 
first moments of E^ , defined by 

E^{t,x')^ E^{t,x)dx3, E^{t,x')^ r X3E'\t,x)dxs, 



and let us fix T' £ Jt- 

Let V G L^iiO,T');H^{n';R^)) n H^{{0,T');L^{n';M.^)). Choosing p = (V', 0) 
as test function in (2.32), we obtain 



f f Yl dtVadti'a dxdt ~ I f iZ {R'"E'')o.pdp^o. dx'dt = 0. 
Jo Jo io Jw ^ p^^ 

Passing to the limit as /i and using (2.11), we deduce 

rT' ■■ 2 



[ [ Eo.pdpil^a dx'dt = (2.36) 



for every ^ € L^{{Q,T')-Hl{n' ]R^)) D H^{{0,T'y, L^{n';M.^)) . By approximation 
(2.36) holds for every V G L'^HO^T'); H^{n';]^^)) . 

Let now </) G L^{{0,T'); Hf{n')) n H^iiO,T'); H^{n')) . Considering p ^ (0,0) 
as test function in (2.32), wc have 



[ [ dtv''dt<j)dx'dt- [ [ '^^^{R^E%ada(t)dx'dt+ f [ gcji dx'dt ^0. 
Jo Jw Jo Jn' Jo Jn' 

(2.37) 

We notice that 

^iR''E%^ = iA''E%^ + i^3^„. (2.38) 

The strong compactness of ^''eg in L'^{{0,T'); LP{n';R^)) for 2 < p < 00 and 
identity (2.25) ensure that for /3 = 1, 2 

rp/ rp/ 

I I AlpE^p^da(j) dx'dt — 'II Efjadfjvdact) dx'dt, 
Jo Jn' Jo Jn' 
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while property (2.18) implies that -> strongly in L°° {{Q,T'); LP{n')) for 
every p < oo , hence 



Jfi 



These two convergence results, together with (2.7), (2.37), and (2.38), guarantee 
that 



Jo Jfl' 1 



a=l 

dtvdtcpdx'dt- I I E" ■.V'v®V'(j)dxdt+ [ [ g<j)dx'dt 
Jn' Jo Jw Jo Jw 

(2.39) 

ioT every c^eLmo,ry,Hi{n'))nH^{{o,ry,H^{n')). 

In order to derive the equation satisfied by the first moment E, let us con- 
sider r; e L^{{0,T');H^{n';R^)) n H^{{0,T');L^{n';R^)). Choosing ip{t,x) = 
{x3r]{t, x'),0) as test function in (2.32), we obtain 

[ [ y^x^dty'i.dtiio.dxdt- [ [ y^{R''E'')o.pdpj^^dx'dt 
Jo Jn Jo Jn' ^ p^^ 

~ [ [ H^'"E''%3ric. dx'dt = 0. 
^0 Jn' 



(2.40) 



We note that for a = 1,2 and j = 1,2,3 

3 

liR'^E^U = E<-^'3 + \Elz^ (2.41) 
<-^^3 = -A^^E% + 2isym A%^E%. (2.42) 

Using again (2.18) and the strong compactness of A''ef3 in L'^{{0,T'); LP{n' ;R^)) 
for 2 < p < cxD , we deduce from the previous decomposition 

fT' p pT' p 3 

/ / y^A'^^^E^Tjo. dx'dt ^ - / / y^A.^E.^rj^dx'dt^O, 
Jo Jn' Jo Jn' 

where the last equality follows from (2.26) and (2.35). Therefore, passing to the 
limit in (2.40) and using the energy estimate (2.11) and the decomposition (2.41), 
we obtain 



I I y\ iE^3Vc dx'dt ~ [ [ Y] E^pdpr^c dx'dt. (2.43) 

io Jn' io Jn' ^ p^^ 



Using the identity 
one can prove that 



sup \\E'^~iE'r\\mn)<CiT')h' (2.44) 
te[o,T'] 
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(see [15, Step 4 in the proof of Theorem 1.1]). Choosing rj = \7'(j) in (2.43) and 
combining it with the previous remark and (2.39), we conclude that 



[ [ dtvdt(j)dx'dt- [ I E" ■.V'v®V(t)dx'dt 
Jo Jo.' Jo Jw 

+ 1 I E" ■.{Vf4)dx'dt+ [ ( g4)dx'dt = Q 
Jo Jn' Jo Jw 



for every 4> G L^{{0,T'); H^{n') n W^^°°in')) f] H^{{0,T'); H^{n')) . By approxi- 
mation (2.45) holds for every € L^{{0, T')-H^{^')) n Hl{{Q, T');H^{n')) . 
By [15, Proposition 3.2] and (2.30) we obtain 

E" = H^G" = £2(5" - xMk^'fv)- 

As a consequence of this equality and of (2.31), we have 

E" = /:2(symG") = £2(sym V'u + \Vv ® Vv), 

while 

E=-^C,{{Vrv). 

Owing to the last two identities and to equations (2.36) and (2.45), the limit dis- 
placement {u,v) is a weak solution to (1.16) (see Remark 2.3). 

Step 7. Derivation of the initial condition. It remains to prove that v satisfies 
the initial conditions (1.19). First we observe that assumption (2.2) implies that, 
up to subsequences, 

^ rw'^{-,hxz)dxz ^ W3 (2.46) 
■' ~h 

weakly in L^(f7'), and that 

i r wl^{-,hx3)dx3 ^ W3 (2.47) 



strongly in H^{n') , owing to [9, Lemma 13] (the proof of the Lemma can be easily 
adapted to cover also the case a > 3). 

Since W^'°° {{0,T'); L^{n')) embeds into C([0, T']; L2(J7')) ^ ^e have that v'',v € 
C{[0,T'];L^{n')) for every h G (0,/io), so that by (1.12) and (2.6) 

«''(0,-) = i W^i;hx3)dx3 ^ viO,-) 



strongly in L'^{fl'). By (2.47) we conclude that v{0,x') = w-i{x') for a.e. x' £ il'. 

Using the decompositions (2.38) and (2.41), and the estimate (2.44), we deduce 
from equations (2.37) and (2.40) that there exists a constant C > 0, independent 
of h , such that 



[dtv'^dtci) ~ V dtC,ldtd^(^ dx'dt < c\\ 
Jn' ^ - ' 



\Lmo,T'):HS{n')) 



for every (j> G C^((0,T')xil'). Here ('^ is the first moment of the displacement 
introduced in (2.27). This implies that the sequence 
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is uniformly bounded in L'^{{0,T'); H-^{n')) . On the other hand, by (2.11) the 
sequence {dtdaC) converges to strongly in L°°((0, T'); i^^H^^')) ; thus, by (2.7) 
we conclude that 

2 

dtv'' + Y,dtda^C ^ dtv weakly* in L^{{0,T');H-\n'j). 

As H^{{Q,T')- H-^{VL')) r\ {{Q,T'); H-^{VL')) embeds compactly into the space 
C([0,r'];if-3(17')), it follows that 

2 

||9t«''(i,-) + ^9t9aCo(*,-)-9tz;(t,-)IU-3(0') - 
uniformly for t G [0,r']. In particular, we have 

2 

%;''(0,-) + 5I^*^"Ca(0,-) -> dtviQ,-) 

a = l 

strongly in H^'^(fl'). The initial condition (1.13) and the estimate (2.2) guarantee 
that dtdaCa{0, ■) converge to strongly in H^^{il'). Therefore, by (1.13) and 
(2.46) we deduce that dtv{0,x') — W3{x') for a.c. x' G fl' . This concludes the 
proof. □ 
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